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SUMMARY 
Design and analysis  of l a rge  booster  flight control  sys t ems  requi re  techni-  
ques  that  account f o r  the t ime  varying charac te r  of the dynamic system.  In 
addition, the techniques mus t  account fo r  sys t em forcing functions that  a r e  
random processes .  The tools available for  these  studies have been limited. 
In general ,  they a r e  subject  t o  analyti'cal formulation,  but tend toward numer -  
ica l  schemes.  Such a numer ica l  scheme was presented in "Launch Vehicle 
Winds and Turbulence Response by Nonstationary Stat is t ical  Methods, I s  NASA 
CR846, 
Th i s  report  i s  an  extension of the work undertaken in NASA CR846 and 
p re sen t s  the application of techniques t h e r e  formulated,  t o  la rge  amounts  
of J imsphe re  data with the random p roces s  frequency content included. 
The work was per formed a t  Hayes International Corporation f r o m  June 
1968 to  Feb rua ry  1969 under  Contract  No, NAS8-21444, "Study of a Non- 
s ta t ionary Adjoint Stat is t ical  Wind Model for  Flight Control  Sys tems  Analysis,  ' I  
for  Aero  Astrodynamics Laboratory of George C. Marsha l l  Space Fl ight  Center.  
M r ,  J e rome  R, Redus and Mr. William W. Heuser  of the Optimal Control  
'Theory Branch of the  Astrodynamics  and Guidance Theory  Division w e r e  the  
NASA technical  superv isors  during the per iods  of performance of th i s  contract .  
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1, INTRODUCTION 
F o r  t ime varying sys tems that ascend the atmosphere,  winds a r e  a major  
consideration in design of flight control systems,  Therefore,  i t  becomes advan- 
tageous to  have available a tool f o r  design and analysis  that can rapidly produce 
accurate  vehicle response statist ics.  This  tool i s  available in the winds and 
turbulence "shaping f i l ter"  and the "adjoint" techniques of analysis,  
The shaping f i l ter  i s  designed f o r  use with the adjoint technique of analysis,  
o r  programs formulated with optimal control techniques requiring mean square  
sys tem response, By determining the appropriate coefficients, the shaping f i l ter  
can be used to  generate  the winds and turbulence s tat is t ics  that a r e  necessa ry  
a s  an input t o  adynamic sys tem to  obtain the sys t em mean square response due 
to winds and turbulence input. 
The shaping f i l ter  developed in this report  i s  representative of the winds 
and turbulence over Cape Kennedy, Florida a s  measured by the J imsphere  Wind 
Sounding P r o g r a m  conducted by Mar shall  Space Flight Center,  Huntsville, Alabama. 
T o  use the shaping f i l te r  with an adjoint technique of analysis, the shaping 
f i l ter  i s  joined with the t ime varying sys tem to f o r m  a combined system, that 
has  a white noise input and a response which i s  the vehicle output that normally 
resul ts  f rom winds and turbulence. 
WIND A N D  
TURBULENCE HICLE 
TPUT 
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The combined sys  t e m  equations a r e  programmed a s  adj  oint equations. 
EQUATIONS I N T E G R A T E  
SQUARE R E S P O N S E  
The impulse response of the adjoint s y s t e m  i s  the adjoint weighting function 
of the system,g(-r ,  t ) ,  a s  a function of the second argument  T. Application of 
l inear  sys t em theory  has  resul ted in the  equation 
L 
z2 (t) = C g(-r , t f  d r ,  
'0 
and allows d i rec t  calculation of the s a m e  t ime  varying sys t em mean squa re  
response that  would resu l t  f r o m  an ensemble of wind and turbulence prof i les  
input to  the t ime  varying system. 
The shaping f i l t e r ,  so  named because i t  shapes  a white noise input into 
a prescr ibed  random p roces s  whose cor re la t ion  function i s  known, was  suggest-  
(1) 
ed for u s e  with the  adjoint technique of analysis  by Lanning and Battin ,for 
stationary p roces ses ,  and applied to  nonstationary p roces ses  by Bailey, 
( 2 )  Pa lmer ,  and Wheeler ,using s ta t is t ical  dynamics based on the works  of 
( 3 )  (4) Batkov #and Solodovnikov 
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The general synthesis of the shaping fil ter in the nonstationary case  
requires  far  more  preparation than synthesizing the shaping fil ter fo r  a 
stationary process developed in Ref. (1). This i s  pr imari ly due to the fact that 
the power spectra  and correlation of stationary processes have a direct  t ransfer  
relationship and admit to  a n  analytical solution, There  a r e  relationships in 
the nonstationary case,  but a t  present there  a r e  no analytical solutions which 
allow the attainment of the f i l ter  equation through direct  transformation a s  in 
the stationary case. 
th  The shaping fil ter i s  defined a s  a n  n- order  differential equation with 
time or  altitude varying coefficients that a r e  developed f rom the winds and 
turbulence data. The input to  the shaping f i l ter  i s  white noise and the output 
winds and turbulence statistics equivalent to  ensemble statistics of the winds 
and turbulence used t o  develop the filter, These ensemble winds and turbulence 
nonstationary statistics,  correlation o r  covariance, a r e  related to  the f i l ter  
character is t ics  through the f i l ter  weighting function. 
The winds and turbulence data a r e  reduced and arranged in a fo rm such 
that the statistics may be related to the filter. The order  of the fil ter must 
be established and the necessary derivatives of the covariance determined. 
These derivatives a r e  used to determine the coefficients of the fil ter equation. 
Determination of the t ime varying coefficients of the shaping fil ter i s  
equivalent to development of the shaping filte r. 
Section I of this report presents the basic equations that have been develop- 
ed a s  foundation stones for the nonstationary statistical development, A 
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complete development of these equations i s  given in References 3 and 4, with 
an excellent summary of the adjoint approach in Reference 5. Sections 11, I1 
and IV present the statistical development and underlying problems that a r e  to 
be considered prior  to  undertaking the numerical task of development of the 
mean and covariance matrix. 
Section V presents  the approach taken in developing the derivatives of the 
covariance a t  each point along the altitude span of the covariance matrix. 
Section VI presents  development of the coefficients for both the left and 
right hand side of the equation (1) of Section U. 
Section VII presents  the f i l ter  coefficient development computer programs. 
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11. BASIC RELATIONSHIPS 
T o  a r r i v e  a t  the basic  equations that  a r e  t o  be used in the numer ica l  and 
analytical  presentation and development of the shaping f i l ter ,  le t  the f i l t e r  be 
t h defined a s  an  n-- o rde r  differential  equation with a white noise input 
o r  symbolically d D(p,  t )  = Cai( t )  - d t d 
D(p ,  t )x( t )  = M ( p ,  t h ( t )  P =x 
(1) 
d M(p ,  t )  = 22bi(t)-- dt  
nKn ,  q(t)  = White Noise 
The solution to  the shaping f i l t e r  p roblem i s  determination of the ai(t) ,  bi(t)  of 
equation (1 )  such that  x ( t )  has  prescr ibed  nonstationary s ta t i s t i cs  in the  f o r m  of 
an  a r b i t r a r y  continuous covariance,  A solution to  the f i l ter  equation m a y  be 
wri t ten a s  
X(t)  i s  the random p roces s  des i red  and g ( t , ~ )  i s  the f i l ter  weighting function, o r  
impulse response.  The impulse response g(t, T )  of the f i l ter  can be defined a s  
the  solution t o  
D(p, t)g(t  7) = M( p, t)S(t-  7). ( 3 )  
Equation ( 3 )  plays a major  role  in the development of relationships between 
the f i l ter  equation and the winds ancl turbulence, that Lhc i'ilter i s  Lo genera te ,  
for it delineates the f o r m  of the equations t o  be developed. 
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The fo rm that i s  desired i s  a f o r m  that allows the solution to  the f i l ter  
equation to  be in t e r m s  of winds and turbulence statist ics,  namely, correlat ion 
o r  covariance. The correlation of the solution to equation (1) i s  the average 
product of equation ( 2 )  a t  t imes t and T .  
T 
; l o  Loo g (t, *) g ( Ts 0)r\l@, 
where R ( 0 , ~ )  i s  the correlation of the input which i s  known to  be 6(t) ,  a 
'1 
resul t  following f r o m  the input being white noise. 
Substituting 6( t )  into kquation (4) and recalling that 
equations f o r  Rx(t $7) a r e  derived 
t 
~ ~ ( t ,  T )  = 1 g(t, ~ ) g (  r, x for  K X  
-00 
= sIo0 g(t, X)~(T,  X)d x fo r  t < ~  
Operating on both s ides  of equation (6) with D(@, t), equation (61, par t  two reduces 
to  ze ro  fo r  T< t. 'The correlat ion,or  covariance, of the output of the f i l te r  
satisfies par t  two of equation ( 7 ) ,  hence, 
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Equations (7)  state the relationships between the correlation of the winds 
and turbulence, and the fil ter function. They a r e  the basic equations f r o m  
which the ai(t) ,  the time varying coefficients of the left-hand side of equation 
(1) a r e  developed. The values of equation (1) on the right-hand side, bi(t), 
a r e  developed f rom the initial conditions placed on g(t, 7). The initial condi- 
tions used to  develop the bi(t) have been thoroughly developed in Reference 2. 
The numerical techniques that follow a r e  developed in t e r m s  of altitudes 
hi and h. a s  opposed to t and T in the development presented in Section 11. J 
Transformation f r o m  the altitude domain to the time domain can be accomplish- 
ed by techniques described in Reference (6). 
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1 WINDS AND T U R B U L E N C E  DATA DEVELOPMENT 
The shaping f i l ter  must  have a random output which has  the same  co r re l a -  
tion o r  covariance a s  the winds and turbulence measured by FPS/16-J imsphere  
techniques. F igure  1 represents  a Jirnsphere zonal wind speed recording 
plotted over the altitude interval of interest .  
-60 -40 -20 0 20 40 60 80 100 
WIND SPEED IhUSECI 
Figure  1 
F r o m  an  ensemble of such profiles, the mean and covariance ma t r i ces  
a r e  t o  be formed. Utilization of the J imsphere  data to  develop a shaping 
f i l ter  requires  a careful  evaluation of both J imsphere  data and charac ter i s t ics  
of the vehicle to  be analyzed. The J imsphere  data,  a t  present,  i s  represented 
by over 1200 records  of Cape Kennedy winds, recorded a t  25 me te r  intervals,  
beginning a t  approximately 200 m e t e r s  and extending to  approximately 18000 
meters ,  Present  records  are. zonal, meridional and sca la r  winds. 
Such large quantities of data require  selectivity in use such that the model 
contains statist ics that excite the important vehicle modes that would be excited 
H A Y E S  I N T E R N A T I O N A L  C O R P O R A T I O N  
during an  actual  flight, Selecting data fo r  building the f i l ter  can best be ex- 
plained by an example. Consider the Saturn c l a s s  vehicle during actual  flight, 
The  rigid body mode i s  in the neighborhood of 1 radian per  second and the f i r s t  
the three  elast ic  modes a r e  approximately 6, 13, and 18 radians per  second. 
The frequency range of importance then will be between approximately 0.5 and 
20 radians per  second, 
The model can be developed around s tat is t ics  that contain these frequencies 
if the proper  lag i s  utilized in development of the covariance matrix* In o rde r  
to determine a lag s ize  in the covariance mat r ix  that will insure  incorporating 
frequencies  up to 20 r a d l s e c  into the problem, consider a vehicle velocity of 
525 m / s e c ,  and wind data recorded a t  25 meter  intervals. Then, 
V (vehicle velocity a t  max Q) 
X(wind profile wavelength) = f (vehicle frequency of interest) ,  
- 525 m'sec = 165 me te r s  
3. 18 CIS  
Therefore,  a wavelength of 165 m e t e r s  i s  required to introduce frequencies of 
up to 20  r ad / sec  into the vehicle problem in the maximum dynamic p r e s s u r e  
region. When building a covariance matrix,  three points a r e  required to  define 
one wavelength. Hence, the lag s ize must  be one-half (112) the wavelength 
requirement to  avoid averaging out the desired frequencies. Therefore,  to  
use  the J imsphere  data without interpolation, a lag s ize of 75 m e t e r s  would 
be appropriate in the example considered. 
By considering the frequency range of interest ,  the analyst can select  f r o m  
the bulk of J i n ~ s p h e r e  data only the wind direction desired,  a t  75 me te r  intervals,  
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thereby reducing the bulk of data to  be handled by f rom 3 to  5 times. P r o p e r  
selection of data can be cruc ia l  where the fi l ter i s  to be developed on a sma l l  
digital computer, i. e. , 5K storage. 
The data selected for  this model development were  the EAST -WEST (zonal) 
component of a l l  J imsphere recordings available. The data were  taken in 50 
meter  steps, beginning a t  200 mete r s  and extending through 16, 050 meters .  To 
facilitate the analysis, a l l  E-W (zonal) data a t  50 me te r  intervals on 5 J imsphere  
record  tapes were  t ransfer red  to a single E-W tape a t  50 meter  intervals,  r e -  
ducing the data handling f r o m  5 tapes to  1 tape. 
The single tape contains record lengths of 125 1 words: altitude, and 1250 
recordings a t  a given altitude, extending over severa l  years ,  for a grand total  
of 320 records each of 1251 words. F r o m  the ensemble of such profiles,  on 
the single tape, separate  s tat is t ics  may be readily calculated for any altitude 
range. The required s tat is t ics  of interest  are:  
mean wind a t  altitude hr 
covariance of the wind profile 
and correlation defined a s  
when the average of the process  i s  equal to  zero. 
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Either  covariance o r  correlat ion may be used in the f i l ter  development. How- 
ever ,  previous developments have indicated that covariance i s  a more  t ractable  
number and will be used in the f i l ter  development. 
Utilizing equations (1) and ( 3 ) ,  and the reduced data tape, a covariance 
and mean matr ix  can be formed. 
H A Y E S  I N T E R N A T I O N A L  C O R P O R A T I O N  
I V  D E V E L O P I N G  THE C O V A R I A N C E  M A T R I X  
Referring to F igure  2,  a typical set  of N wind profiles, and applying 
standard ensemble techniques, a mat r ix  of covariance values may be 
formed. 
A sample average o r  expected value of the wind velocity a t  any altitude 
hr may be calculated by use  of equation (9). 
1 ", 
- Vj(hr) may a lso  be expressed < Vj(hr)>,  the ensemble average of N j =  1 
wind velocity a t  altitude h,. 
Let ~ ' ( h )  = V(h) - < Vj(h)>e Then the covariance i s  defined a s  
Equation (13) indicates the covariance value between wind velocity a t  
altitudes hr  and hs i s  given by the correlation of wind velocities a t  alt i tudes 
hr  and hs averaged a c r o s s  the wind profile sample,  minus the product of the 
average values of wind velocity a t  altitudes hr  and h By taking alt i tudes hr 
s 
and hs throughout the wind profile, f r o m  the lowest to  the highest altitude, a 
matr ix  of covariance values will be formed. The mat r ix  i s  shown in F igure  3# 
and i s  an n x n symmetr ic  mat r ix  with n depending on the lag s ize selected. 
The numerical scherrie that Is used with equations ( 1 2 )  and (13 )  depends 
on the computational facil i ty available, and as more  J i r r ~ s ~ h c r e  data becorrlcs 
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available, the computational scheme will play an even more important part, 
The scheme used in computing the matrix of this program was to "split out" 
the 320 Jimsphere records into 4 tapes of 80 records each, thus saving com- 
puter time in search through the tape a s  the record number increases. 
There were 1251 words read into computer storage for 2 altitudes, be- 
ginning with 200 meters  altitude. These records were correlated with them- 
selves and al l  records above 200 meters. This procedure i s  repeated through- 
out the 320 profiles. Any number of records may be read in initially, depending 
on available storage space of the computational facility. The technique describ- 
ed required 92 minutes on an IBM 7094 computer, An IBM 360-30 of 5K storage 
was tried but proved prohibitive timewise. This machine appeared to be execute 
bound. 
The covariance matrix,generated and stored rowwise, i s  now ready for 
calculating the n derivatives for use with regression analysis to develop the 
coefficients. 
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WIND VELOCITY M E T E R S / S E C  
r LOWER ALTITUDE 
ks U P P E R  ALTITUDE 
N NUMBER O F  WIND P R O F I L E S  
F igure  2 
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COVARIANCE MATRIX 
N x N Symmet r i c  Mat r ix  
F i g u r e  3 
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V, DETERMINATION OF THE DERIVATIVES 
OF THE COVARIANCE MATRIX 
d 1, * .  . , dn(h., h e  )A method for  developing C (he h ) and - 1 3  
j J dhn j 
when C(hi, h.) i s  given in tabulated f o r m  a s  shown in Figure 3 i s  to represent  J 
dC d2 C C(hi, h.), a s  shown in Figure 4, a s  a polynomial and evaluate. and -, J dh dh2 
. . , dn C along the span of the polynomial. The polnornial that represents  
dnn 
C(hi, h . )  i s  called an interpolating polynomial and may be found f r o m  the 
J 
tabulated data through the use  of a finite difference table to  develop the 
elements of the polynomial, 
When tabulated data i s  given a s  in the case  of C(hi, hj) of Figure 3, hi 
i s  held constant for  any tabulation of C(hi, hj)  resulting in a C(hi, h e )  that has J 
hi a s  a dependent variable and Ir a s  an  independent variable. j 
The elements of the finite difference table a r e  developed f r o m  the tabu- 
lated C(h.), called the zero order  difference. Representing the f i r s t  difference J 
in the finite difference table a s  ACo = C(h ) - C(h.), the difference in C(h.) j +l J J 
over a span of altitude h (lag size of C), a2 Co a s  the second difference etc., 
the table takes the form shown in equation (14), The whole curve made up of 
a l l  covariance values fo r  a fixed hi = 200 mete r s  i s  shown in Figure 4. 
Determination of the values of - dC by fitting this curve with a single dhj 
polynomial would require a polynomial of prohibitive degree i f  an  accuracy of 
interpolation of 1% i s  desired, This problem was circumvented by using a 
floating point polynomial fit of small  segments of the total curve, in this case 
2 000 me te r s  and and a fourth degree polynomial, 
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F r o m  this finite difference table, the interpolation of C may be accomplished. 
The Gregory-Newton formula for  forward interpolation will  be used. This  
equation i s  
The polynomial i s  some function of C(h . ) ,  f ( C  ). Zt i s  approximated b y  the 
J 
polynomial P (u)  where u = C - C , = . 05 kilometere 
n 1 o 
HAYES INTERNATIONAL  CORPORATION 
df(C) d p n W  du 
= (  dhj ...I j 
Differentiation of Pn(u) resu l t s  in derivative ma t r i ces  s imi lar  to the covar - 
iance matrix. The derivative mat r ices  have a s  elements the f i r s t  and second, 
o r  more ,  derivatives of covariance corresponding to  the elements of the covar-  
iance matrix. The N derivative ma t r i ces  a r e  developed f r o m  the covariance 
mat r ix  by using the row-wise differentiation of the covariance matrix. The 
elements of the covariance, f i r s t ,  second, third and etc . ,  derivative ma t r i ces  
a r e  used with the regress ion  technique of Section VI to develop the ai( t )  of 
equation (1). 
As  in the initial selection and organization of the winds and turbulence data, 
the mat r ices  must  be arranged in a convenient f o r m  if  a smal l  computer i s  to 
be used for  the f i l ter  development. 
The elements of a l l  ma t r i ces  a r e  formed by row-wise operation whereas 
the regression analysis of Section VI, used for developing the ai(t) ,  i s  per form-  
ed column-wise. To facil i tate the regression analysis,  data sorting is performed 
on the three  mat r ices  to f o r m  a single matrix,  The single mat r ix  i s  unique in 
d C . .  
l J * . . . S  
that each single element of this  new matr ix  has  severa l  par t s ,  Cij9 - dhj 
* Therefore,  when the regression analysis i s  performed a t  a given dh2 
hj,  t h i sma t r ix  furnishes a l l  necessary  data values in a single record read by 
the computer. Regression analysis  begins with the second record,  since the 
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dC (Cov 200,200),  f i r s t  r e co rd  contains only one point i. e. (Cov (200, ZOO), ---dn 
dn 
dhn 
(Cov 200, ZOO)) ,  and the r e g r e s s i o n  ana lys i s  does  not hold ( i s  equa l  t o  
z e r o )  fo r  a single point. 
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VI, REGRESSION ANALYSIS FOR THE SHAPING 
FILTER EQUATION COEFFICIENTS 
In general theory, multivariate regression plane is represented by 
Xlr = -I- k2 Xz 1- k3 X3 0 . .  kn Xn (17) 
where X1 is  a regression on X2 . . . Xn. In other words, XI i s  the dependent 
variable and it remains to determine the ki such that the equation best approxi- 
mates the data represented by the X variables. By relating the variables 
C(hi, hj),  h i  h.), , cn(hi, h.) of the problem to the regression equation, J J 
the ai(t)  of equation (1) can be found a s  the kiare found in the general problem. 
The filter order  i s  selected a s  2 for  the problem filter. The regression equa- 
tion and the filter equation a s  related to  the covariance is cn(hi,  h.). J 
C"+ sic + aoC = 0 
This equation i s  s imi lar  to the regression equation 
r 
= k2 X2 + k3 X3 (19) 
where the Xi a r e  refer red  to their mean value and kl becomes zero. The 
ai(h) a r e  to found such that the sum of the squares of the deviations between 
the observed and predicted values, a s  given by 
i s  a minimum. By taking the partial  derivative of D2, a se t  of normal 
equations a r e  ar r ived a t  such that their solution results in the a i  given i n t e r m s  
of products and squares of known values of C :  C ' :  C" that were stored in the single 
matrix generated in the final stages of the derivative program, The equations 
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that result  f rom differentiation of equation (2 0) may be solved a s  to equations 
with two unknowns, resulting in expressions for ao(hi). al(hi). i = 200, 15950 
meters,  by 50 meter  steps, 
i i i i 
IS J j = ]  1 hi9 h.)  c t1(hi9 h j )  C C(h. , h.) C1(h. ,h.)  - z ~ l l ( h . h . ) ~ ~ t h . , h . ) ~  + . g l C (  J = 1  1 J J - j = 1  1 J  1 J 
1 2 i i 
C C(hi9 hj) , Z Cf(hi9 hj12 -( L C(hi, h.)  c1(hi9 h.))' j = 1  J =1 j= 1 J J 
The numerical approach taken to  develop the b i(h) can be more  easi ly 
understood by referr ing to Figure 5 during the following development. When 
the C(hi9 hj) of Figure 3 is plotted with hi a s  the dependent variable, the curves  
f o r  hi > h. a r e  obtained and when the C(hi, h.) a r e  plotted with h the dependent J J j 
variable,  the curves of hi< h. a r e  obtained, They a r e  identical due to the sym- J 
met ry  of the matrix. Either fo rm may be used to generate the fil ter coefficients. 
F o r  the case taken, hi i s  the dependent variable and the curves for  h . >  hi, the J 
curves to the right of hi = h.  a r e  used. J I I 










is evaluated along the curves B a t  a point hi = hj  . The 
-t 
' 4- 
hi = hj  
dc - 
value of ----- is evaluated along the curves A at  a point hi = hj , o r  dh. 
J - hi = h j 
HAYES INTERNATIONAL  CORPORATION 
can be more readily found by differenting curves C since the values of 
C(hi, h j )  etc. a r e  taken along the curves I3 a t  5 0  me te r  intervals. The values 
of C(hi, h . )  a t  hi = h.  appear  to  be zero  ( 0 )  in F igure  5. This,  however, i s  not 
J J 
the case  a s  i s  shown in the exploded view of Figure 5, %vhere a discontinuity 
i s  evident. 
The curves A and C a r e  obtained by taking a plane through the C(hi, h . )  curves 
J 
a t  points hi o r  h j* 
HAYES I N T E R N A T I O N A L  CORPORATION 
Since g(hi, h . )  i s  the impulse response function or  weighing function for J 
this filter 
dg(hi9 hj) d2 g(hi9 hj) 
ao(hi) g(hi. hj)  + al (hi) t = O for  hi> h dhj d h t  j '  
dg(hi, hi ) 
By approximating and 
d2 g(hi' h j )  in t e r m s  of differences 
dhj dhi 
representing three points,a system of equations may be obtained to be utilized 
for  numerically obtaining g(hi, hj) for  points near  hi = hj. If hio, hi and hiL 
a r e  three consecutive values of hi near  hi = h. taken along the span 0.f hj, then 3 
and 




- -  
 [ g(hio, hj)  -4 g(hil, h.)  + 3 g(hi39 hj)l 2 J 
hi = hi2 
stant. The points a r e  taken close enough together to minimize e r r o r ,  
d2 g(hi, hj)  
dh. 
J 
F r o m  the preceding numerical substitutions for the f i r s t  and second 
= o h j  -2 g(hil ,h.)  J + g(hi2,hj) 
derivatives of g(hi, h j )  in the differential. equation of the shaping fil ter,  the 
hi = hio 
In t e r m s  of three consecutive points the second derivatives a r e  assumed con- 
following system of difference equations may be obtained.. 
HAYES I N T E R N A T I O N A L  CORPORATION 
Thus, the system of two equations and two unknowns can be solved fo r  
a s  developed in reference (3 ) .  
g(hily hj)  and g(hj,, hj). Substituting g(hio, hj)t g(hil hj)s g(hi2, hj) when 
- d C(hio, hj) 
dhio 
- 
enables one to compute bg(hio) f rom the formulas, 
t 
hio = hj  hio = hj  + 
bl (hio) = g(hj.9 h j )  and 
hi = hio 
h j  = hio 
HAYES INTERNATIONAL CORPORATION 
VII. SHAPING FILTER COEFFICIENTS 
The coefficients of the shaping fil ter differential equation (1) a r e  given 
in this section, Figures 6 through 9 a r e  A+, Al ,  B+, B1 respectively. Com- 
puter tabulations of each graph a r e  given following each graphical display. 
No effort has been made to utilize the coefficients in an analog computer 
program, a s  was done during the development program CR846. No data 
smoothing was performed on the covariance data to  insure smooth curves of 
A+, Al ,  B+ and B1, rather,  an effort was made to retain a s  much of the natural 
shape of the covariance a s  possible. 
The covariance matrix will not be presented in this report due t o  the num- 
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VLII, COMPUTER PROGRAMS 
The computer programs furnished a r e  the programs to calculate the cov- 
ariance matrix, A+, Al ,  B+ and B1, The computer program to calculate the 
derivatives by polynomial curve f i t  a r e  not furnished since this routine is 
standard in computation libraries and depends on the researchers preferences, 
The f i r s t  program consisting of three pages i s  the computer program for 
calculating the covariance matrix. The second program consisting of one 
page i s  the program to calculate the A coefficients. The third program con- 
s is ts  of one page and i s  the program to develop the B coefficients, The cov- 
ariance program is  developed for the IBM 7094 computer whereas the A and B 
coefficient programs were written for the IBM 360 computer. 













W(I, K )  
COMPUTER SYMBOLS 
Average wind speed 
Product  of the average wind speed a t  altitudes I, J 
Correlation of wind speeds a t  altitudes I ,  J 
Covariance of wind speeds a t  altitudes I, J 
C ova r ianc e 
Derivative of covariance 
Second Derivative of covariance 
Tape Numbers 
Sum 
Wind velocity a t  altitude I, record  K 
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CRITIQUE O F  R E S U L T S  
The results obtained, a s  shown in Figures 6, 7, 8, and 9, show an 
unusual amount of variability. This variability appears to be direct ly propor- 
dC d 2 c  
tional to  the variability in the covariance derivatives, ------ ------- dh dh2 An 
important conclusion results f rom this proportionality: that this technique 
will not produce accurate resul ts  on turbulence data. A cursory  view of tur -  
bulence data obtained by separating turbulence frequencies f r o m  Jimsphere 
records reveals the impracticality in attempting to obtain these derivatives, 
.To obtain accurate results on the fil ter development, accurate derivatives a r e  
required. This accuracy i s  difficult to obtain using polynomial techniques; 
however, any other technique results in smoothing of the data, thereby losing 
the effect of the selection of an appropriate lag size. Lag size was discussed 
in Section 111, 
The dependence on covariance derivative variability can be seen in 
Figures 6,  7, 8, and 9. The data up to 14000 mete r s  were  segmented fo r  
curve fitting every 2000 mete r s  (500 mete r s  between points), introducing 
some smoothing in the data. The data above 14000 mete r s  were  curve f i t  
a t  250 meter  increments (50 meters  between each point), The lat ter  case  
detects each change of sign in the derivatives along the span of the covariance, 
resulting in the degree of variability a s  shown above 14000 meters ;  whereas, 
the former  maintains the same derivative sign for large increments due to 
some smoothing introduced by the 2000 meter  increment selection, resulting 
in less  variability a s  shown below 14000 meters .  A case for highly smoothed 
data which exhibits no variability can be seen in CR846. 
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The values of the covariance m a t r k  of the J imsphere  data obtained during 
this analysis appears  to be accurate.  The data sample was adequate and 
sufficient c a r e  was taken such that the present  ma t r ix  has  the necessary  
elements (accuracy, sample s ize,  etc. ) such that validity can be placed on 
i ts  use  in fu,rther analyses. 
Attempts were  made during the present  analysis to  expand the order  of the 
different ial  equation to  a n  order  grea ter  than two (2). These  were  unsuccessful, 
p r imar i ly  due to the o rde r  of the right hand side of Equation ( I ) ,  Section 11. 
The coefficients of the right hand side were  developed f r o m  resul ts  obtained 
by Solodovnikov' ) , based on the works of Batkov'l ) , part icular ly Solodovnikov's 
Equations (10.27), page 383 and (10.60), page 390, Reference (4). The ma jo r  
difficulty that a r i s e s  was pointed out by Stear  ( 7 ) ,  that the Equation (10. 27) 
i s  not a recursive relationship a s  stated by Batkov. Fur ther ,  a s  became 
evident during the analysis,  Solodovnikov's Equation (10. 60) puts a r e s t r a in t  on 
the data, forcing the value of dC(hi, hi ) dhj 
to be positive. When analysing the data, it is seen that there  is no rational 
basis  fo r  such a constraint. 
Equation (10.60) i s  equal to  the value of the difference between the derivatives 
n-m-  1 
a t  hi  = hj,  o r  (-1) , the value of the discontinuity a t  hi = hj ,  which 
a 2n (t) 
has  meaning when viewed a s  the initial value of g(hi, h.)  a t  hi = J hj. When con- 
sidered as the initial value of g(hi, h - ) , (a l l  values of g(h i s  hj)  for hi> ha = O), only J J 
the magnitude of Equation (10.60) has  significance. Therefore,  this repor t  
utilized the magnitude of Equation (10. 60) -  
HAYES INTERNATIONAL CORPORATION 
CONCLUSIONS 
1, The shaping f i l ter  can be developed using a large volume of winds and 
turbulence data. 
2 .  The Jimsphere data handling requires a computer with large storage 
capacity. 
3. Floating point polynomial fitting of the covariance curves produces 
derivatives of sufficient accuracy for filter development, except the 
end points of each segment fit, 
4, The technique can be very effective for  smaller more tractable data 
samples, but for large, highly nonstationary processes of high f re -  
quency content, accuracy of coefficients becomes critical with small  
lag sizes. 
5. This technique is  not readily useable on data of high variability, such 
a s  turbulence. 
HAYES INTERNATIONAL CORPORATION 
RECOMMENDATIONS 
1. The accuracy of the coefficients should be validated prior  to assigning 
credibility to analyses utilizing the filter coefficients. 
2 ,  Consideration should be given to use of this technique with partitions of 
the covariance matrix. 
3,  Some smoothing of the covariance matrix should be considered, 
4, When using a polynomial curve fit to determine the covariance derivativeso 
the segments that a r e  curve fit should overlap to eliminate the derivative 
e r r o r  on the polynomial end points. 
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